Introduction
In 1909 Thue [36] showed that an equation F (x, y) = λ, where F (X, Y ) ∈ Z[X, Y ] is an irreducible binary form of degree d ≥ 3 and λ ∈ Z is a nonzero integer, has only finitely many integral solutions (x, y) ∈ Z 2 . In 1968 Baker [3] proved that the equation F (x, y) = λ can be solved effectively. Numerical methods for solving a Thue equation are developed by Tzanakis and de Weger [37] and Bilu and Hanrot [5] .
In 1990 Thomas [35] investigated a family of Thue equations F (3) m (X, Y ) = ±1 where
The equations F (3) m (X, Y ) = ±1 are completely solved by Thomas [35] and Mignotte [28] . Several families of Thue equations of degree d ≤ 6 have been Akinari Hoshi studied by many authors (see e.g. [13] , [12] ). Let , and called the simplest cubic, quartic and sextic fields (see e.g. [9] ). Lettl and Pethö [26] and Chen and Voutier [6] solved the family of quartic Thue equations F (4) m (X, Y ) = λ where λ ∈ {±1, ±4}, and Lettl, Pethö and Voutier [27] determined all primitive solutions to the Thue inequalities |F (4) m (X, Y )| ≤ 6m + 7 and |F (6) m (X, Y )| ≤ 120m + 323. A family of Thue equations of degree 8 is solved by Heuberger, Togbé and Ziegler [14] . In [15] and [16] , the author determined solutions to the families of Thue equations F (d) m (X, Y ) = λ d of degree d = 3 and 6 where m ∈ Z, λ 3 is a divisor of m 3 + 3m + 9 and λ 6 is a divisor of 27(m 2 + 3m + 9). See also the quartic case [17] .
The aim of this paper is to generalize the results in [15, 16] The polynomial f m (X) = F m (X, 1) is irreducible over Q if m ∈ Z \ {−8, −3, 0, 5}. In general, however, the root field Q(θ) with f m (θ) = 0 is not a Galois extension of Q. For m ∈ Z \ {−8, −3, 0, 5}, the splitting field L m of f m (X) over Q is a totally real Galois extension of Q of degree 24 or 12 whose Galois group is isomorphic to D 4 × C 3 or C 6 × C 2 where D 4 is the dihedral group of order 8 and C n is the cyclic group of order n. There exist infinitely many integers m ∈ Z for which L m are of degree 24 and of degree 12 respectively. Moreover, we have the field inclusions L
m are the simplest cubic fields and L (6) m are the simplest sextic fields. We use Okazaki's theorem (see [15, Theorem 1.4] ) which claims that for m ≥ −1, the simplest cubic fields are non-isomorphic to each other except for m = −1, 0, 1, 2, 3, 5, 12, 54, 66, 1259, 2389. Okazaki's theorem was reproved in [15, Section 1] .
The method of this paper, the field isomorphism method, is developed in [18] , [15] (see also [22] ) and applied in [16] and [4] . It uses the splitting
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field L m and is purely algebraic although it depends on Okazaki's theorem which was established by usual methods of analytic number theory: geometric gap principles in the theory of geometry of numbers and a result of Laurent, Mignotte and Nesterenko [25] in Baker's theory on linear forms in logarithms of algebraic numbers (see also [29] , [38] ). We remark that the method may work well only for the case where the genus of the curve F s (X, 1) = 0 is zero.
We may assume that m ≥ −1 because if (x, y) ∈ Z 2 is a solution to
is invariant under the action of the cyclic group C 6 of order 6 with
Hence if we get a solution (x, y) ∈ Z 2 to F m (x, y) = λ, then we have another 5 solutions:
We also obtain F m (x−y, x+2y) = 729F m (x, y). The equation F m (x, y) = λ has the following solutions for λ = c 12 and λ = 729c 12 :
We call such solutions (x, y) ∈ Z 2 to F m (x, y) = λ with xy(x + y)(x − y) · (x + 2y)(2x + y) = 0 the trivial solutions in the present paper. The main result of this paper is the following: Theorem 1.1. Let m ∈ Z and λ be a divisor of 729(m 2 + 3m + 9). The equation F m (x, y) = λ has only the trivial solutions (x, y) ∈ Z 2 with xy(x + y)(x − y)(x + 2y)(2x + y) = 0.
Construction of f s (X) of degree 12
Let K be a field with char K = 2, 3 and K(z) be the rational function field over K with variable z. We take the matrix
). We will construct the polynomial f s (X) = 
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Then we have
where ∼ means the equality in PGL 2 (K( √ 3)), and the matrix M 12 induces a K(
Hence we have the cyclic Galois extension K(
We get the generating polynomial
The discriminant of f s (X) with respect to X is 2 24 3 45 (s 2 + 3s + 9) 11 . In [31, 32, 33] , for q = 2 n , p n and 2n, Shen and Washington constructed cyclic polynomials g
over K of degree q where K is the real q-th cyclotomic field. When q = 12, they take the matrix
) of order 12. However, the generating polynomial g (12) s
On the other hand, the polynomial
. This is the reason why we take M 12 instead of M . In the case where From now on, we assume that 
where C n is the cyclic group of order n and D 4 is the dihedral group of order 8. There exist three subgroups σ 2 , τ , σ and σ 2 , στ of order 12 of H 24 . We have
The other equalities of (2.3) are established by a similar computation.
The group H 24 may be regarded as the subgroup σ, τ of the symmetric group S 12 of degree 12 as permutation group on the roots of f s (X) where σ = (1, . . . , 12) and τ = (2, 8)(4, 10) (6, 12) . Then the only two proper subgroups σ and σ 2 , στ are transitive in S 12 . Hence f s (X) is irreducible over K(s)( √ 3) and over K(s)( 3(s 2 + 3s + 9)) but is reducible over K(s)( √ s 2 + 3s + 9). We will explain this later, see (2.6). The group H 24 has the unique subgroup σ 3 , τ D 4 of order 8. The group σ 3 , τ is normal in H 24 and the corresponding cyclic cubic field over
where
The action of H 24 of order 3 on the field K(s)(z 3 ) is given by
Hence the cubic field K(s)(z 3 ) is the simplest cubic field of Shanks' type (cf. Shanks [30] ) over K(s), and the minimal polynomial of z 3 over K(s) is given by
The discriminant of the cubic polynomial f (3) s (X) is (s 2 + 3s + 9) 2 . There exist five subgroups σ 4 τ , σ 2 τ , σ 2 , στ and τ σ of order 6 of H 24 , and only the group σ 2 is normal in H 24 . We have K(
). There exist three subgroups σ 6 , τ , σ 3 and σ 6 , σ 3 τ of order 4 of H 24 which are normal in H 24 . The three quotient groups H 24 / σ 6 , τ , H 24 / σ 3 and H 24 / σ 6 , σ 3 τ are cyclic group of order 6 and we have the corresponding cyclic sextic fields over K(s):
In particular, the first one is "the simplest sextic field" over K(s) which means that the field K( √ 3, z) σ 6 ,τ is given by K(s)(z 6 ) where
and the minimal polynomial of z 6 over K(s) is given by
with discriminant 2 6 3 6 (s 2 + 3s + 9) 5 . The unique subgroup of order 3 of
There exist five subgroups τ , σ 6 τ , σ 6 , σ 3 τ and σ 9 τ of order 2 of H 24 . The group σ 6 is the commutator subgroup of H 24 and the abelianization H ab 24 = H 24 / σ 6 of H 24 is isomorphic to C 6 × C 2 . The other four groups of order 2 are not normal in H 24 . 555 The three polynomials
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satisfy the following remarkable equations:
(X).
Field intersection problem
We recall some basic results in the computational aspects of Galois theory (cf. e.g. [1] , [7] , [8] ). Let K be a field with char K = 2, 3 and K be a fixed algebraic closure of 
Gal K f (X) is isomorphic to the Galois group of the splitting field Spl K f (X) of f (X) over K. If we take another ordering of roots α π (1) , . . . , α π(m) of f (X) for some π ∈ S m , then the corresponding realization of Gal K f (X) is conjugate in S m . Hence, for arbitrary ordering of the roots of f (X),
where π runs through a system of left coset representatives of H in U , is called the formal U -relative H-invariant resolvent by Θ. The polynomial
is called the U -relative H-invariant resolvent of f by Θ. The following theorem is fundamental in the theory of resolvent polynomials (see e.g. [1, p. 95] ). In the case where RP Θ,U,f (X) is not squarefree, we may take a suitable Tschirnhausen transformationf of f over K such that RP Θ,U,f (X) is squarefree (cf. [7, Alg. 6.3.4 
]).
We now apply Theorem 3.1 to the case m = 24 and f (X) = f a (X)f b (X) where
of degree 12 for a ∈ K. The reader may find the similar argument of the resolvent polynomials in the non-abelian group cases in [18, 19, 20, 21] . Let K( √ 3)(z) be the rational function field over K( √ 3) with variable z. Let σ and τ be K-automorphisms of K( √ 3, z) as in (2.1) and (2.2). Then the field K(
. We also take another rational function field K( 
Then τ = τ and the field K(
After the specialization s → a ∈ K, we assume that the polynomial f a (X) is separable, that is a 2 + 3a + 9 = 0, and also irreducible over K. Then the Galois group G a is isomorphic to H 24 or C 6 × C 2 (resp. C 12 ) if √ 3 ∈ K (resp. √ 3 ∈ K). For a squarefree polynomial R(X) ∈ K[X] of degree l, we define the decomposition type DT(R) of R(X) by the partition of l induced by the degrees of the irreducible factors of R(X) over K. Via the decomposition type DT(R i ) of the resolvent polynomial R i (X), we get an answer of the field intersection problem, i.e. for a, b ∈ K determine the intersection L a ∩L b of the splitting fields L a and L b . Theorem 3.3. Assume (a 2 + 3a + 9)(b 2 + 3b + 9) = 0, f a (X) and f b (X) are irreducible over K and 3.2) . Proof. First we assume that √ 3 ∈ K. We apply Theorem 3. Then the decomposition types DT(R i ) in 
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559 Ga G b G a,b DT(R 1 ) DT(R 5 ) DT(R 7 ) DT(R 11 ) C 12 C 12 C 12 × C 12 La ∩ L b = K 12 12 12 12 C 12 × C 6 [La ∩ L b : K] = 2 6 2 6 2 6 2 6 2 C 12 × C 4 [La ∩ L b : K] =C 12 × C 3 [La ∩ L b : K] = 4 6 2 6 2 3 4 3 4 3 4 3 4 6 2 6 2 C 12 × C 2 [La ∩ L b : K] = 6
Field isomorphism problem
In order to obtain an explicit answer to the field isomorphism problem of f s (X), i.e. whether the splitting fields Spl K f a (X) and Spl K f b (X) coincide for a, b ∈ K, we should seek suitable U -primitive H i -invariants Θ i for i = 1, 5, 7, 11 where U and H i are given as in Theorem 3. 
w ,
Then the elements Θ i (i = 1, 5, 7, 11) are U -primitive H i -invariants and the actions of σ on K(Θ i ) are given by
for j = 1, 11 and k = 5, 7, which are the same as the actions of σ and σ 5 on K(z) respectively. 
Proof. This can be done by a straightforward computation. 
and (a 2 + 3a + 9)(b 2 + 3b + 9) = 0 for a, b ∈ K.
(1) The polynomial f A 1 (X) (resp. f A 11 (X)) has a linear factor over K if and only if there exists u ∈ K such that
where B = b (resp. B = −b − 3) and
(2) The polynomial f A 7 (X) (resp. f A 5 (X)) has a linear factor over K if and only if there exists u ∈ K such that
where B = b (resp. B = −b − 3) and 
Proof. For i = 1, 5, 7, 11, we consider the resolvent
. By Theorem 3.1 (Corollary 3.2), we 
On the other hand, by Siegel's theorem for curves of genus 0 (cf. 
In particular, there exist only finitely many integers b ∈ O K such that f A i (X) (i = 1, 5, 7, 11) has a linear factor over K.
The case K = Q
For m ∈ Z, we consider the polynomial f m (X) = F m (X, 1) of degree 12 over Q. Define
We intend to generalize the following two theorems for the simplest cubic fields L (3) m and the simplest sextic fields L (6) m to the case of L m .
Theorem 5.1 (Gras [10] , [11] ). (Okazaki, Hoshi [15] , [16] ).
( 0, 1, 2, 3, 5, 12, 54, 66, 1259, 2389} . In particular, we have 
if m ∈ Z \ {−8, −3, 0, 5} and 3(m 2 + 3m + 9) ∈ Z, C 6 × C 2 if m ∈ Z \ {−8, −3, 0, 5} and 3(m 2 + 3m + 9) ∈ Z,
m and the fields Q(
and L (6) m are subfields of L m .
Proof. From (2.4), (2.5) and Theorem 5.
√ m 2 + 3m + 9 ∈ Z and 3(m 2 + 3m + 9) ∈ Z, then f m (X) is irreducible over Q and G m = H 24 . Now we assume that √ m 2 + 3m + 9 ∈ Z. An easy calculation shows that √ m 2 + 3m + 9 ∈ Z if and only if m ∈ {−8, −3, 0, 5} for m ∈ Z. For m ∈ {−8, −3, 0, 5}, by (2.6), the polynomial f m (X) splits into irreducible factors over Q as
12 (X). Hence it follows from Theorem 5.1(2) and Theorem 5.2 that G m = C 6 × C 2 (resp. C 6 ) for m ∈ {−8, 5} (resp. m ∈ {−3, 0}).
Assume that 3(m 2 + 3m + 9) ∈ Z. Then m ∈ {−8, −3, 0, 5}. From (2.3)
. From Theorem 5.1(2), (2.5) and (2.6), we have that f m (X) splits into two factors as f
) is 6, 6 or 3, 3, 3, 3. It is enough to show that f · (x 2 − 2xy − 2y 2 )(x 2 + 4xy + y 2 )(2x 2 + 2xy − y 2 ).
When m ∈ Z \ {−8, −3, 0, 5} (G m = H 24 or C 6 × C 2 ), it follows from Theorem 4.5 and Lemma 4.6 that n = −m − 3 (see Table 4 .1). When m ∈ {−8, −3, 0, 5} (G m = C 6 × C 2 or C 6 ), we may check that DT(R 11 ) is 3 2 , 6 for m = n. Hence n ∈ Q \ {m, −m − 3}. If x ≡ y (mod 3), then F m (x, y) ≡ 1 (mod 3). Hence F m (x, y) = λ is a divisor of m 2 + 3m + 9 and n ∈ Z \ {m, −m − 3}. If x ≡ y (mod 3), then 729 is a divisor of Ξ(x, y), and hence n ∈ Z \ {m, −m − 3}.
Proof of Theorem 1.1. By combining Theorem 5.5 and Theorem 5.6, we obtain Theorem 1.1.
